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Effect of Size-Biased Sampling on Resource Predictions
from the Three-Part Method for Quantitative Mineral
Resource Assessment—A Case Study of the Gold
Mines in the Timmins-Kirkland Lake Area of the Abitibi

Greenstone Belt, Canada
By Karl J. Ellefsen

Abstract

The three-part method for quantitative mineral resource
assessment is used by the U.S. Geological Survey to predict,
within a specified assessment area, the number of undiscovered
mineral deposits and the quantity of mineral resources in those
undiscovered deposits. The effects of size-biased sampling
on such predictions are evaluated in a case study that
involves gold mines from the Timmins-Kirkland Lake area
of the Abitibi greenstone belt, Canada. The gold mines are
divided, based upon the time of the assessment, into two
groups: existing mines and future mines. The total produced
gold for the existing mines are used to predict, with the
three-part method, the total produced gold for the future mines.
Then the predictions are compared to the known, total produced
gold for the future mines. For comparisons using the mean,
the predictions are 1.6 to 12 times too high, depending upon
the time of the assessment and the probability density function
characterizing the total produced gold in the existing mines.
For comparisons using the median, the predictions are 1.3 to
10 times too high, depending upon the time of the assessment.
The reason for these excessively high predictions is that the
three-part method is based on the assumption that the total
produced gold from the existing mines is representative of
the total produced gold in the future mines; this assumption is
inappropriate because of size-biased sampling. There is reason
to be concerned that size-biased sampling adversely affected
the resource predictions of previous U.S. Geological Survey
assessments that were conducted with the three-part method.

Introduction

A quantitative mineral resource assessment is a prediction,
for a specified geographic area, of the number of undiscovered
mineral deposits in that area and the amount of resources in
those deposits. These assessments are important because, for
example, land management agencies use these predictions,
along with other information, to plan for appropriate land use.
Quantitative mineral resource assessments have been
conducted by the U.S. Geological Survey at least since 1986
(Drew and others, 1986; also see the publications listed at
https://minerals.usgs.gov/global/index.html#publications);

almost all these assessments were performed using the
three-part method, which is described in Singer (1993a) and
Singer and Menzie (2010).

There is evidence that, in a specific geographic region,
the amount of mineral resources in sequentially discovered
deposits tends to decrease with time (Singer and Mosier 1981;
Chung and others, 1992; Stanley, 1992; Long, 1995; Singer
and Menzie, 2010, p. 98—101); that is, in a specific geographic
region, mineral exploration companies initially tend to discover
deposits with relatively large amounts of resources. With continued
mineral exploration, the resource amounts of subsequently
discovered deposits tend to decrease. In terms of statistical
terminology, exploration may be represented by statistical
sampling, and the tendency to discover specific deposits as a
function of their resource amounts is a particular type of statistical
sampling called “size-biased sampling” (Zimmerman, 2006).
Such sampling also occurs, for example, in oil exploration
(Kaufman and others, 1975; Schuenemeyer and Drew, 1983; and
Long, 1988), manufacturing (Cox, 1969), forestry (Gove, 2003),
and wildlife management (Patil and Rao, 1978).

Size-biased sampling is not taken into account by the
three-part method, so it may adversely affect its resource
predictions. Although several researchers have acknowledged
this potential problem (Bultman and others, 1993; Harris and
Rieber, 1993, p. 38, 144-146, 150, 304-309, 508; Bultman and
Gettings, 1996), there are apparently no published investigations
of'it. Thus, these effects are investigated by conducting a case
study involving gold mines in the Timmins-Kirkland Lake arca
of the Abitibi greenstone belt in Ontario, Canada. This region
has been explored extensively for gold for more than a century,
so there is a large amount of information about the gold mines.
Indeed, the production history of the gold mines exhibits
evidence of size-biased sampling (Stanley, 1992).

This report has five major sections. Section “Background”
briefly reviews the geology of the greater Timmins-Kirkland
Lake area, describes the data from the study area, and presents
a statistical model for the gold data. Section “Three-Part Method”
summarizes the three-part method for quantitative mineral
resource assessments. Section “Evaluation of Predictions from the
Three-Part Method” presents an evaluation of resource
predictions and the reason for the inaccuracy of those predictions.
Section “Discussion” explains the implications of these findings
and other associated topics. Section “Future Research” presents
two questions that could set a direction for future research on
mineral resource assessments.
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Background
Study Area

The Abitibi greenstone belt is in the Ontario and
Quebec Provinces of Canada (fig. 14). The southern part
of this geologic region contains copper-zinc volcanogenic
massive-sulfide deposits, orogenic gold deposits, and magmatic
nickel-copper-platinum group deposits (Ayer and others, 2008).
As of 2005, the total mineral production was valued at approx-
imately 120 billion U.S. dollars (Thurston and others, 2008).
Information about the geology of the gold-bearing, southern-
part of the Neoarchean Abitibi greenstone belt is summarized
in Card (1990), Jackson and others (1994), Ayer and others
(2002), and Monecke and others (2017).

This case study focuses on the Timmins-Kirkland Lake area,
which is within the Neoarchean rocks of the Abitibi greenstone
belt (fig. 14). This area was chosen because it has been
extensively explored and developed for more than a century;
consequently, there is abundant information about the gold
mines. This information has been systematically organized by
the Ministry of Energy, Northern Development and Mines in
the Province of Ontario, Canada, and the organized data are
publicly available. The data, which are updated regularly,
include location, mining and exploration history, geology,
production statistics, reserve statistics, and resource statistics.
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Figure 1.

The gold-mineralized rocks within the Timmins-Kirkland
Lake area are examples of a class of deposits that are called
mesothermal gold deposits (Hodgson, 1993) or, more commonly,
orogenic gold deposits (Groves and others, 1998; Goldfarb
and others, 2005). In such deposits, the gold ores are adjacent
to major, deep-crustal fault zones; the gold is in quartz veins
and surrounding wallrocks. The wallrocks are often altered
with carbonates, sulfides, and sericite. The country rock is
regionally metamorphosed from low to medium grades. In
the Timmins-Kirkland Lake area, the greenstone is cut by two
major east-west fault systems (fig. 1B): the Porcupine-Destor
break and the Kirkland Lake-Larder Lake-Lake Cadillac
break. Most of the large gold deposits in the Timmins-Kirkland
Lake area are along these two fault systems. The main cluster
of these deposits along the Porcupine-Destor break is in the
Porcupine mining camp, which is near the town of Timmins. It
is the largest known Archean camp of orogenic gold deposits on
Earth. One of main clusters of gold deposits along the Kirkland
Lake-Larder Lake-Lake Cadillac break is the Kirkland Lake
mining camp, which is near the town of Kirkland Lake. Addi-
tional information about the geology and deposits in this area
is provided in Thomson (1948), Thomson and others (1950),
Hodgson and MacGeehan (1982), Hodgson (1983), Kerrich and
Watson (1984), Burrows and others (1993), Bateman and others
(2005, 2008), Dube and others (2017), and Poulsen (2017).
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Maps showing, A, the location of the Timmins-Kirkland Lake area within the Abitibi greenstone belt and, B, the locations of

gold mines, major fault systems, and major mining camps within the Timmins-Kirkland Lake area, Canada.



Dataset

The database from the Ministry of Energy, Northern Devel-
opment and Mines was downloaded on June 18, 2018, so the
database is current as of that date. The database was processed
to extract the data that are pertinent to this case study, using the
procedure described in appendix 1. The resulting dataset is in file
“ProductionAndReserveData.xIsx” that accompanies this report.
The dataset consists of information on 138 mines and developed
prospects in the Timmins-Kirkland Lake area.

The analysis in this case study is based on the produc-
tion statistics from just the mines, which number 62. For most
mines, production occurred for several years. The total quan-
tity of ore that was extracted during those years is called the
“total produced ore,” and its units are metric tons (1,000 kilo-
grams). The total quantity of gold that was extracted from the
total produced ore is called the “total produced gold,” and its
units are grams. The total produced ore and the total produced
gold are the key production statistics. A derivative production
statistic is the grade, which is defined as the total produced
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gold divided by the total produced ore, and its units are grams
per metric ton. Thus, the grade is a weighted average for the
entire mine. The production statistics for a mine are referenced
to the first year of production.

The mines are classified as either “past producer” or
“current producer.” For a past producer, production ceased
before June 18, 2018 (which is the date that the database was
obtained), and the production statistics represent the total as of
the year that production ceased. For a current producer, produc-
tion is ongoing, and the production statistics represent the total
as of approximately June 18, 2018. A mine classified as a past
producer could be reopened for additional mining; a mine clas-
sified as a current producer almost certainly will produce more
ore. Thus, the data may be interpreted as a snapshot of the total
ore and gold production as of approximately June 18, 2018.
This snapshot almost certainly will change after June 18, 2018.

The total produced ore, the total produced gold, and the grade
are plotted as functions of the first year of production (fig. 2).
Between 1910 and 1942, 46 mines started production. Two current
producers are in this first interval. Between 1943 and 1981, only
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Graphs showing, A, total produced ore, B, total produced gold and, C, gold grade as functions of the first year of production.
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1 mine started production; this interval is associated with World
War II and a period of relatively low gold prices (U.S. Geological
Survey, 2014). Between 1982 and 2018, 15 mines started
production. Nine current producers are in this third interval.

Compare the first and the third intervals (fig. 2). The first had
6 mines with total ore production greater than 2x107 metric tons,
whereas the third had 1 mine. The first interval had 10 mines
with total gold production greater than 1x10® grams, whereas
the third interval had 1 mine. The first interval had 26 mines
with gold grades greater than 8 grams per metric ton, whereas
the third interval had 1 mine. These findings indicate that the
total ore production, total gold production, and gold grade
are declining.

Although the plots in figure 2 present the production
statistics in the most straightforward way, there are some
limitations with the plots. First, the appearance of the plot is
strongly affected by economic conditions. An example is the
second interval, 1943 to 1981. Second, some data points plot
over other points; for example, the gold grade for a current
producer in 1935 is obscured by another point. Third, the
trends in the total produced ore and total produced gold are

difficult to observe because so many points are close to the
horizontal axis.

To address these limitations, two changes are made to the
plots. First, the total produced ore and total produced gold are
plotted with a common logarithm scale. Second, the first year
of production is recast as production order (namely, the order
in which the mines started production; (Chung and others,
1992)). If there are two or more mines having the same first
year of production, then their production orders are assigned
randomly. For example, the two mines in 1910 could be
assigned orders of 1 and 2 or vice versa. Recasting the data
as a function of production order diminishes the effects of
economic conditions.

With these two changes, the total produced ore, the total
produced gold, and the grade are replotted as functions of the
production order (fig. 3). The salient feature in the replotted
data is that the total produced ore, the total produced gold,
and the grade have a great deal of variability. Nonetheless, all
three quantities decrease as the production order increases.
The decreases for total produced ore and gold are evidence of
size-biased sampling.

A
I.o I I I I I I
@ °
= o o [ ]
o w [ )
- 5 7 | ° ° _
3‘3 1x10 ° ® .o [ .o ° .. ®ee® PP oo
2c d ® . * . ° e o
S s [ [ ] [ ]
S g ° ° o ° o ® L o
= .S ° ® °® ® ° ° °
E 1x10° [~ oo ° ° _
| | | | ° | | |
0 10 20 30 40 50 60
Production order
B
I I I I I I I
=] "o e ® .o
S e ° N ° o —
T e ooy ® ° ee O°°° ° .
o E L o [ ] o
=N ° ° ° °
B * o ° ° .o L4 ° .« ® e o °
= =
27 108 oo © o ° ." ° e o oo —
©
2
| | | | ° | | |
0 10 20 30 40 50 60
Production order
c
I I 0 I I I I I
[ [
2 5 ° ° .
£ o ©® °
°
%E ° ° ° 0e®
o= 10— o Py [ ] ° o © d N
=2 *% e ° ° o © °
S v o (X X ] ) ® o °
(&) % 5+ Y Y o® ° [ ) LIPS ° ° .. ° o _
5 ¢ e * ‘e e o
£ | | | | | | e° )
0 10 20 30 40 50 60

Production order

EXPLANATION

® Past producer

Figure 3.

® Current producer

Graphs showing, A, total produced ore, B, total produced gold and, C, gold grade as functions of production order.



Statistical Modeling

Although the total produced ore, the total produced gold,
and the gold grade decrease as the production order increases
(fig. 34, 3B, and 3C, respectively), there is significant uncertainty
in these trends because of the high degree of variability in
the data. To understand better how this variability affects the
uncertainty in the trend, statistical modeling is performed. The
statistical modeling focuses on just the total produced gold
because only it is used for this case study.

The statistical modeling of the trend is performed using
linear regression (DeGroot and Schervish, 2002, p. 609-636).
The gold grams are transformed with the common logarithm.
Although the trend may be modeled in many ways, the simplest
way is just a straight line; consequently, a straight line is fit
to transformed gold grams (fig. 44). A straight line is charac-
terized by two mathematical parameters, which are usually
chosen to be the slope and the intercept with the vertical axis.
The intercept is irrelevant to this analysis, so it is not discussed
further. The uncertainty in the slope that is estimated by the
linear regression is summarized by the distribution shown
in figure 4B. The distribution, except for the far right tail, is
associated with a negative slope; thus, there is a high degree of
confidence that the slope is indeed negative. The implication
is that, despite the high variability of the data, there is strong
evidence that size-biased sampling is occurring.

Three-Part Method

The three-part method for quantitative mineral resource
assessment (Singer, 1993a; Singer and Menzie, 2010, p. 10)
obviously consists of three parts. In part one, the assessment
geoscientists analyze geologic and related earth science data
and then delineate the geographic regions, within the larger
assessment area, that are likely to have mineral resources.
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In part two, the number of undiscovered deposits within
the regions is predicted in a probabilistic manner. To this end,
the assessment geoscientists study the available earth science
data from the delineated geographic regions. The data may
include, for example, geologic maps, geochemical maps, and
mining data. Then, based upon their experience, the assessment
geoscientists guess a probability mass function for the number
of undiscovered deposits—the probability mass function
specifies the probability of 0 deposits, 1 deposit, 2 deposits,
and so on. This probability mass function is the probabilistic
prediction for the number of undiscovered deposits.

In part three, the resource quantity in each undiscovered
deposit is predicted in a probabilistic manner. To this end,
the assessment geoscientists compile historical mining data
from discovered deposits that are the same type as those being
assessed. These discovered deposits are assumed to be repre-
sentative of the undiscovered deposits. (The historical mining
data may be either ore quantity and average resource grade
or resource quantity. Either type of data can be used for the
resource assessment, and the assessment results are the same.
In this case study, the resource quantity is used because it is
simpler to explain and understand.) The resource quantities
from many deposits are used to construct a probability density
function, and it is the probabilistic prediction of the resource
quantity in each undiscovered deposit.

If the probability mass function specifies that there is
a 10-percent chance of two undiscovered deposits, then the
resource quantity in each undiscovered deposit is character-
ized by the same probability density function. The important
point is that, whatever the number of undiscovered deposits,
the resource quantity in each undiscovered deposit is charac-
terized by the same probability density function.

The key assumption in part three is that the discovered
deposits are representative of the undiscovered deposits. The
statement of this assumption is somewhat vague, so it requires
further explanation (Ellefsen, 2017a). Both the discovered
and undiscovered deposits constitute a finite mathematical
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set; this set is called a “sample space” and is described further
in appendix 2. The discovered deposits are a simple random
sample from the sample space; that is, the deposits have been
sampled (discovered) without regard to any of their properties.
The implication is that the properties of the discovered deposits
are representative, on average, of all deposits in the sample
space, including the undiscovered deposits. The important
point is that the key assumption requires simple random
sampling of the deposits.

Evaluation of Predictions from the
Three-Part Method

The three-part method is formulated in terms of deposits,
whereas the data from the Timmins-Kirkland Lake area pertain
to mines. Although deposits and mines are different things, the
three-part method may be applied to the mines. To this end, it
is necessary to relate terms:

» A discovered deposit corresponds to an existing mine.
* An undiscovered deposit corresponds to a future mine.

* The sample space of discovered and undiscovered
deposits corresponds to the sample space of existing
and future mines.

 The resource quantity in a deposit corresponds to the
total produced gold from a mine.

The first part in the three-part method is delineating the
assessment area. For this case study, the assessment area is the
geographic region shown in figure 1B. The gold deposits
in this area are assumed to have similar features and thus group
into one deposit type (namely, the orogenic gold deposit type).
These gold deposits are the gold-rich quartz veins and
surrounding wallrock. The existing and future mines in these
deposits constitute the sample space.

Assume that the year is 1915, which is between production
orders 10 and 11, and is represented by the vertical dashed line
in figure 5. The data to the left of this line consist of the total
produced gold from the existing mines. The data to the right
of this line consist of the total produced gold from the future
mines. These data on the future mines would be unknown for
an actual assessment, but these data are known for this case
study. This situation provides a unique opportunity to evaluate
the predictions with the three-part method.

The second part in the three-part method is generating the
probability mass function for the number of future mines. To
keep the evaluation of the predictions as simple as possible,
the probability mass function is chosen to have probability 1
for the exact number of future mines. For the example presented
in figure 5, the probability mass function has probability 1 for
52 future mines. For this case study, the generation of this
probability mass function is trivial, so it is not discussed again.

The third part in the three-part method is generating
the probability density function for the total produced gold
in the future mines. Before generating this function, the key
assumption in the third part—the total produced gold from
the existing mines is representative of the total produced gold
from the future mines—is checked. For the example presented
in figure 5, the total produced gold for the existing and future
mines are presented as dot plots (fig. 6). In a dot plot, the
horizontal axis is divided into intervals, and the total produced
gold for a mine is represented by a dot within the appropriate
interval. The dots collectively represent the distribution of the
total produced gold.

The distribution for the future mines (fig. 6B) is shifted
leftward with respect to the distribution for the existing mines
(fig. 64). This shift may be quantified with the ratio between the
means of the two distributions. The ratios also are calculated for
11 existing mines, 12 existing mines, and so on. The last ratio
is calculated for 52 existing mines because the 10 future mines
are just enough to calculate a ratio with adequate precision. The
ratios are plotted in figure 74. Ratios are similarly calculated
with the median and are plotted in figure 75.
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Evaluation of Predictions from the Three-Part Method 7

Number of
existing mines

| e ee, e ee $8
1x10° 1x10° 1x107 1x10° 1x10°

Total produced gold, in grams

Number of
future mines

o .,:!!!!.,:: = Y

1x10° 1x10° 1x107 1x108 1x10°

Total produced gold, in grams
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Ratio of means

T T T T T T T T R M T T T T T T S T S M M T T T T T T T S S S A N N N B R B B O
213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52

Number of existing mines

o

Ratio of medians
P
)
®
®
®

U e T T T T T T T T A T T A T A T A AT T M T A T A T
213 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 47 48 49 50 51 52

Number of existing mines

o

EXPLANATION

—— Ratio of 1

Figure 7. Graphs showing, A, ratio of the means for the total produced gold from existing and future mines and, B, ratio of the medians
for the total produced gold from existing and future mines.



8 Size-Biased Sampling on Resource Predictions from the Three-Part Method for Quantitative Mineral Resource Assessment

The ratios of the means range from 2.5 to 5.8 (fig. 74),
and the ratios of the medians range from 1.7 to 7.4 (fig. 7B).
That the ratios are significantly greater than 1 indicates that the
total produced gold from the existing mines is not representa-
tive of the total produced gold from the future mines—the key
assumption in part three of the three-part method is inappropriate.
Recall that this assumption requires simple random sampling
of the mines (section “Three-Part Method”), but there is strong
evidence of size-biased sampling (fig. 4). Thus, the inappropri-
ateness of the assumption is caused by size-biased sampling.

Although the key assumption in generating the probability
density function is inappropriate, the probability density function
is developed nonetheless as part of the evaluation. In the current
software implementation of the three-part method (Ellefsen,
2017b), there are four choices for the probability density
function: log-normal, log-normal that is truncated at the lowest
and highest values of the data, kernel density estimate, and kernel
density estimate that is truncated at the lowest and highest values
of the data. Consider the log-normal probability density function
that is fit to the total produced gold for 10 existing mines (fig. 8).
This log-normal probability density function looks like a normal
probability density function because of the logarithmic scaling
of the horizontal axis.

The probability density function (fig. 8) represents the pre-
dicted total produced gold in each of the 52 future mines that,
in turn, are predicted with the probability mass function from
part two. The range of this probability density function spans
the known total produced gold of the 52 future mines—the total
produced gold for any one of the 52 future mines could have
come from this probability density function. However, there
is a problem: The total produced gold for the 52 future mines,
taken together, is shifted leftward with respect to the probability
density function. The leftward shift may be quantified by the
ratio between the mean of the probability density function and
the mean of the total produced gold from the 52 existing mines.
These ratios are calculated for the four different probability
density functions that are implemented in the software. These

calculations are repeated for 11 existing mines, 12 existing mines,
and so on. Again, the last ratio is calculated for 52 existing mines
because the 10 future mines are just enough to calculate a ratio
with adequate precision. The results are shown in figure 94.
This procedure is repeated using the ratio between the medians,
and the results are shown in figure 9B.

For the ratios of the means (fig. 94), the truncated prob-
ability density functions have much smaller ratios than the
nontruncated probability density functions have. The reason
is that the mean is strongly affected by the right tail of the
probability density function. Discontinuities are caused by an
especially high or low total produced gold; for example, the
discontinuity between numbers 31 and 32 is caused by the
very high value for production order 32 (fig. 5). The particular
value for a ratio depends on the probability density function
and the time of the assessment. Overall, the ratios range from
1.6 to 12 (fig. 94). The interpretation of this finding is that the
predicted total produced gold for the future mines would be
1.6 to 12 times too high, as measured by the mean.

The ratios of the medians, for a specific number of existing
mines, are approximately equal (fig. 9B). The reason is that
the medians for the four probability density functions are
approximately equal. There are some discontinuities, but they
are relatively small compared to those for the ratio of means
(fig. 94). The particular value for a ratio depends mostly on
the time of the assessment. Overall, the ratios range from 1.3
to 10 (fig. 9B). The interpretation of this finding is that the
predicted total produced gold for the future mines would be
1.3 to 10 times too high, as measured by the median.

If the probability density functions were representative of
the total produced gold in the future mines, then the ratios of the
means and medians would be approximately 1. The reason that the
ratios usually are significantly greater than 1 is the inappropriate-
ness of the key assumption for part three—the total produced
gold from the existing mines is not representative of the total
produced gold from the future mines. Again, this inappropriateness
is caused by size-biased sampling (fig. 4).
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Figure 8. Graph showing the log-normal probability density function (that is fit to the total produced gold from 10 existing mines) and

the known total produced gold for the 52 future mines.



Discussion

A common procedure in the three-part method is to aggre-
gate data from sampling units that are proximate. “Sampling
unit” is a generic term for mine, ore body, or mining camp
(Singer, 1993b). Singer and Menzie (2010, p. 95-96) seem
to present two different rationales for this procedure. First, if
there is a mixture of different sampling units, then aggregating
selected data will make the sampling units the same. Having
the same sampling unit is crucial to accuracy of the three-part
method. For this case study, the sampling unit always is a
mine—there is no mixture of different sampling units. Second,
the aggregated data will represent an ore body (namely, a deposit).
The problem with this rationale is that the aggregated data
would be an inaccurate characterization of the ore body: The
aggregation is based on proximity, not on geology; the distance
that defines proximate is arbitrary (Singer and Menzie, 2010, p. 96);
and aggregated data from mines near the Earth’s surface would
not characterize an ore body that extends well below the Earth’s
surface. Therefore, based on either rationale, this procedure is
inappropriate for this case study.

Another common procedure in the three-part method is to
construct the probability density function using data from deposits
of the same type but outside the assessment area (Cox and Singer,
1986; Singer and others, 1993). The principal problem with this
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procedure is that the data from outside the assessment area
usually differ from data inside the assessment area. This differ-
ence would decrease the accuracy of the prediction; consequently,
this procedure is inappropriate for this case study.

To conduct a mineral resource assessment of the gold in
the Timmins-Kirkland Lake area, it is important to recall that
the goal is to predict the future gold resources. Obviously, these
gold resources will come from mines in the Timmins-Kirkland
Lake area; therefore, the best way to make a prediction is to
analyze the total produced gold from existing mines in the
Timmins-Kirkland Lake area. Aggregating data from proximate
mines and including data from outside the Timmins-Kirkland
Lake area will decrease the accuracy of the prediction.

Recall that the data from the Timmins-Kirkland Lake area
are chosen to be just the total produced gold from the past and
current producers (see the section “Background”). The reason
for this choice is that it is the simplest of all possible choices.
However, there are appropriate alternatives. Perhaps the best
alternative involves adding the probable and proven reserves for
the current producers to the total produced gold. The rationale
for this alternative is that it would make the data for the current
producers as close as possible to that of the past producers.

A disadvantage of this alternative is that probable and proven
reserves are available for only 7 of the 11 current producers.

Statistical modeling for the alternative dataset is performed
as described in section “Statistical Modeling.” The results are
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Figure 9. Graphs showing, A, the ratio of the means for the total produced gold from existing and future mines and, B, the ratios of the

medians for the total produced gold from existing and future mines.

The means and medians for the existing mines are calculated from

the four probability density functions that are implemented in the software for the three-part method.
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shown in figure 104. The slope of the straight line that is fit to
the data is negative. The distribution for the uncertainty in the
slope is almost entirely along the negative part of the horizontal
axis (fig. 10B), so there is a high degree of confidence that the
slope is indeed negative. Thus, there is strong evidence of size-
biased sampling in this alternative dataset, so the findings of the
evaluation would be practically the same (see section “Evaluation
of Predictions from the Three-Part Method”).

This case study pertains only to the gold mines in the
Timmins-Kirkland Lake area; consequently, the findings of
this case study should not be used to evaluate the accuracy
of prior mineral resource assessments of other deposit types
in other parts of the world. However, in four other regional
datasets—mercury deposits in California (Chung and others,
1992); porphyry copper deposits in Argentina, Chile, and Peru
(Long, 1995); porphyry copper deposits in Mexico and the
western United States (Long, 1995); and sediment-hosted gold
deposits in Nevada (Singer and Menzie, 2010, p. 98—101)—the
quantity of mined resource declines with time. That is, these
four datasets have evidence of size-biased sampling; thus, it is
plausible that size-biased sampling is common or even ubiquitous.
If so, then the effects of size-biased sampling must be incorporated
into mineral resource predictions. Otherwise, the predictions will
be too high. Because all previous mineral resource predictions
that U.S. Geological Survey personnel made using the three-part
method do not account for size-biased sampling, there is reason to
be concerned that these predictions are too high.

Future Research

While conducting this case study, two questions pertinent
to mineral resource prediction arose and should be considered
in defining a direction for future research. To investigate these
questions, several additional datasets that are like the dataset
for this case study are needed. Requirements for these addi-
tional datasets are described in appendix 3.

The first research question is, “As mines are developed
in an assessment area, how do their properties (for example,
total produced resources and average grades) change?” Some
aspects of this question have been investigated by Chung
and others (1992), Stanley (1992), Long (1995), Singer and
Menzie (2010, p. 98-101), and this case study. However, these
investigations are limited to orogenic gold deposits, sediment-
hosted gold deposits, mercury deposits, and porphyry copper
deposits. Thorough investigations of other deposit types would
provide a more comprehensive answer to the question.

The second research question is, “Can the properties of
undiscovered mineral resources be predicted?” This question is
pertinent because undiscovered mineral resources are important
to the future world economy; however, significant challenges
complicate prediction. For example, mineral resource datasets
typically are small (that is, less than 50 significant deposits
of any particular type), the datasets are incomplete (that is,
ore tonnages and grades for many deposits are unavailable),
and many deposit types have highly variable ore tonnage and
resource grades. If it seems that properties of undiscovered
mineral resource can be predicted, then a robust prediction
method should be developed and thoroughly tested.

Software and Reproducibility

The data that are used for this case study are publicly
available. These data were prepared as described in appendix 1, and
the prepared data are stored in compressed file “ReportScripts.zip,”
which accompanies this report. The calculations and the
figures are generated with R-language scripts, which also are
stored in compressed file “ReportScripts.zip.” Readers are
encouraged to execute these scripts to check the calculations
and figures in this report. Please report any errors.
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were transformed with the common logarithm. B, Distribution showing the uncertainty in the slope of the straight line.
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Appendix 1. Data Compilation

The Ministry of Energy, Northern Development and
Mines for the Province of Ontario, Canada, maintains a database
of mines, prospects, and occurrences within the province. This
database is in the public domain (https://www.mndm.gov.on.ca/en/
mines-and-minerals/applications/ogsearth/mineral-deposits-mdi)
and was downloaded on June 18, 2018.

The database has information on many different mines,
prospects, and occurrences throughout the province, so it is
necessary to find and extract the information that is pertinent
to this case study. To this end, the database was opened with
computer program ArcGIS Pro, and the database was searched
to find those mines and prospects that met the following criteria:

1. The mines and prospects are within the Timmins-Kirkland
Lake area. This area is rectangular, and the coordinates
of the rectangle are specified by the Universal Transverse
Mercator (UTM) projection in zone 17. The easting coor-
dinates for the rectangle are 416998 and 616792 meters,
and the northing coordinates for the rectangle are
5250203 and 5439805 meters.

2. The mines and prospects are classified, within the
database, as “developed prospect with reserves,” “past
producing mine with reserves,” “past producing mine
without reserves,” or “producing mine.” (These four
classifications are defined in the report “Mineral Deposit
Category Definitions,” which is in file “MDI Definitions
and cut-off values.pdf” that accompanies the database.)
The reason for this criterion is that these mines and
prospects have production data, which are needed for
this case study.

3. The primary commodity in the mines and prospects is gold.

That part of the database that met the three criteria com-
prises information on 138 developed prospects and mines. The
information, for each developed prospect and mine, includes
an internet link to a report that is published by the Ministry of
Energy, Northern Development and Mines and is in the public
domain. Each report, which is henceforth called the Mineral
Data Inventory (MDI) data sheet, includes location, mining
and exploration history, geology, production data, reserve data,
and references.
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The information that is needed for this case study is compiled
from the part of the database that met the 3 criteria and the
138 MDI data sheets. The compiled information is in file
“ProductionAndReserveData.xlsx” on spreadsheet “Resource Data.”
There are 138 records for the 138 developed prospects and mines.
Most columns in the spreadsheet are easy to understand, so only
a few remarks are necessary. Column “MDI Identifier” lists the
character-string identifiers that the Ministry of Energy, Northern
Development and Mines uses to identify mineral deposits.
Column “Comment” lists some problems that occurred during
the compilation. (In file “ProductionAndReserveData.xlsx,”
the other spreadsheets list ore and gold production data that
are summarized on spreadsheet “Resource Data.” For example,
spreadsheet “Cheminis” lists, for each year, the metric tons
of ore and the grams of gold that were produced. The sums of
these two quantities appear on spreadsheet “Resource Data.”)

For some developed prospects, ore was mined and
processed to extract the gold. These production data are
included in the compilation. A particularly difficult part of
the compilation involved the reserve data. For some developed
prospects and mines, reserves were estimated repeatedly;
for the compilation, the most current estimated reserves are
used. Sometimes, different types of reserves were estimated
(for example, inferred reserves and proven reserves); for
the compilation, each type is reported. Sometimes, different
types were aggregated (for example, indicated and measured
reserves were added together and reported as one reserve
estimate); for the compilation, the aggregation is noted in
the comment column of the spreadsheet. Finally, sometimes,
reserves in different zones of the deposit were estimated; for
the compilation, the reserves in different zones but of the
same time were aggregated. The intention of these procedures
was to make the compilation as consistent as possible.
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Appendix2. Sample Space

This appendix discusses the sample space that is used for
this case study. The sample space is a finite mathematical set in
which the elements are the gold mines in the Timmins-Kirkland
Lake area. There are several criteria for the gold mines in
the sample space. A comprehensive discussion of all criteria
is beyond the scope of this report, but a brief discussion of a
few criteria is appropriate. First, the ore in the different mines
must be created by the same geologic process. Second, the
gold mines must be in the same geologic region. This criterion
increases the chances that the geologic processes that created
the ore are as similar as possible. Third, the gold mines must
be at about the same depth below land surface. To understand
why this criterion is important, consider mines at the ground
surface and mines at great depth. It is likely that the deep
mines are more expensive to develop than the shallow mines
are; hence, the quantity of ore and gold grades would have to
be higher for the deep mines to be profitable, if all other factors
are the same. Thus, there would be two different groups of mines,
which would greatly complicate the resource predictions. Fourth,
the equipment that is used to mine and process the ore must be
roughly similar in technological sophistication. To understand
why this criterion is important, consider the consequences of a
new technology to profitably mine low-grade ore. Mines devel-
oped with this new technology likely would have low grades
and perhaps even high grades, whereas mines developed with
an older technology would have just high grades. Thus, there
would two different groups of mines, which would greatly
complicate the resource predictions.

The sample space itself must satisfy three criteria. First,
the sample space must be exhaustive; that is, the sample space
must comprise all existing and future gold mines. Second, the
gold mines in the sample space must be mutually exclusive; that
is, there cannot be two or more elements in the sample space
for the same gold mine. Third, the sample space must be at the
appropriate level of granularity; that is, elements in the sample
space must have information that is needed for prediction but
not extraneous information. The gold mines in the sample
space for this case study satisfy these three criteria.

The abstract concept of the sample space aids understanding
of size-biased sampling and simple-random sampling. In
addition, the abstract concept of the sample space sets limits
on what can be predicted—only gold mines in the sample space
can be predicted; gold mines outside the sample space cannot.

The sample space described in this appendix differs from
the sample space that is the basis of the three-part method. The
latter is defined as the Cartesian product of the set of non-negative
integers, which pertains to the number of undiscovered deposits,
and the set of positive real numbers, which pertains to the
resource quantities in those deposits. The principal problem
with this formulation is that the sample space is unrelated to
sampling (namely, the process of mineral exploration).
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Appendix 3. Requirements for Datasets

This appendix describes the requirements of a dataset that It is desirable that a dataset consists of many mines
would be used for future research on mineral resource prediction.  because, with a large dataset, the deleterious effects of high

The first requirement is that a dataset must constitute variability can be mitigated. It also is desirable that the datasets
a sample space (appendix 2); thus, a dataset must satisfy all pertain to different mineral resources, in different geologic
criteria of a sample space. Second, a dataset must pertain to settings, and in different parts of the world.

an assessment area that is well explored and developed so that
there is extensive information about the deposits. Third, a dataset
must include even those mines for which some information (for
example, the resource grades or the quantities of ore tonnages) is

missing. Fourth, a dataset must include the times that production

started in the mines and the locations of the mines.
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